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Abstract
We address two basic issues in the theory of galaxy formation from fluctuations of
quantum elds: 1) the nature and origin of noise and fluctuations and 2) the conditions
for using a classical stochastic equation for their description. On the rst issue, we derive
the influence functional for a 4 eld in a zero-temperature bath in de Sitter universe
and obtain the correlator for the colored noises of vacuum fluctuations. This exemplies a
new mechanism we propose for colored noise generation which can act as seeds for galaxy
formation with non-Gaussian distributions. For the second issue, we present a (functional)
master equation for the inflaton eld in de Sitter universe. By examining the form of the
1. Galaxy Formation from Quantum Fluctuations
A standard mechanism for galaxy formation is the amplication of primordial density
fluctuations by the evolutionary dynamics of spacetime j1; 2. In the lowest order approxi-
mation the gravitational perturbations (scalar perturbations for matter density and tensor
perturbations for gravitational waves) obey linear equations of motion. Their initial val-
ues and distributions are stipulated{ oftentimes assumed to be a white noise spectrum.
In these theories, fashionable in the sixties and seventies, the primordial fluctuations are
classical in nature. The Standard model of Friedmann-Lemaitre- Robertson-Walker with
power-law dependence (on cosmic time) generates a density contrast which turns out to be
too small to account for the observed galaxy masses. The observed nearly scale-invariant
spectrum also does not nd any easy explanation in this model j3; 4.
The inflationary cosmology of the eighties j5; 6; 7 is based on the dynamics of a quantum
eld  undergoing a phase transition. The exponential expansion of the scale parameter
a(t) = a0 exp(Ht) gives a scale-invariant spectrum naturally. This is one of the many attrac-
tive features of the inflationary universe, particularly with regard to the galaxy formation
problem. The primordial fluctuations are quantum in nature. They arise from the fluc-
tuations of the quantum eld which induces inflation, sometimes called the inflaton. The








Here H = _a=a is the Hubble expansion rate, assumed to be a constant for the de Sitter
phase of the evolution, and < > denotes average over some spatial range. For the density
contrasts to be within 10−4 when the modes enter the horizon the coupling constant in
the Higgs eld (e.g. a 4 theory) in the standard models of unied theories has to be
exceedingly small (  10−12).
The main features of the inflationary cosmology are determined by the dynamics of
dierent sectors of the normal modes of the scalar eld in relation to the exponential
Hubble expansion of the background spacetime. The scalar eld  evolves according to
the equation
¨ + 3H _ + V 0() = 0 (2)
2. Colored Noise from Interacting Quantum Fields in Minkowski Spacetime
We rst consider quantum elds in a Minkowski spacetime. The separation of a single
eld into the high and low momentum sectors are rather cumbersome to carry out, so
for simpicity we will consider two independent self-interacting scalar elds (x) depicting
the system, and  (x) depicting the bath. The physics is expected to be similar to the


































= S0[ ] + SI [ ] (7)
where m and m are the bare masses of (x) and  (x) elds respectively. Both elds have
a quartic self-interaction with the bare coupling constants  and  . In (2.2) we have
written S[ ] in terms of a free part S0 and an interacting part SI which contains  . We









and also that all three coupling constants ,  and  are small parameters of the same
order. The total classical action of the combined system plus bath eld is then given by
S[;  ] = S[] + S[ ] + Sint[;  ] (9)
The total density matrix of the combined system plus bath eld is dened by
[;  ; 0;  0; t] =< ; j ^(t) j0;  0 > (10)
where j > and j > are the eigenstates of the eld operators ^(x) and  ^(x), namely,
^(~x)j >= (~x)j >;  ^(~x)j >=  (~x)j > (11)
Since we are primarily interested in the behavior of the system, and of the environment
only to the extent in how it influences the system, the quantity of relevance is the reduced




d [;  ; 0;  ; t] (12)
3. Master Equation with Colored Noise in de Sitter Universe
We shall now proceed to calculate the influence functional for an interacting eld in
de Sitter universe and identify the noise source. Following Ref. 30 we shall derive the
master equation from this influence functional for a special case and use it to examine the
issue of decoherence. This equation and its associated Langevin or Fokker-Planck equation
would enable one to calculate the fluctuation spectrum as a classical stochastic dynamics
problem.
Consider a real, gauge singlet, massive, 4 self-interacting scalar eld in a de Sitter
spacetime with metric
ds2 = gdx
dx = dt2 − a2(t)d~x2 (44)
In the inflationary regime of interest, the scalar factor a(t) expands exponentially in cosmic
time t
a(t) = a0 expHt (45)
The classical action of the inflaton eld (x) is





































is the remaining (interactive) terms with contributions from nonzero m;, and , i.e., mas-
sive, self-interacting, or non-conformal coupling. Here we use  = 0 for conformal coupling
and  = 1 for minimal coupling in four dimensions and n =
(n−2)
4(n−1) is a constant which is
equal to 1/6 in 4-dimensions.
4. Discussions
We have outlined the rst part of a program to describe structure formation from
primordial quantum fluctuations via stochastic dynamics. To end, we briefly summarize
our ndings and discuss the feasibility of our mechanism and its implications.
A. What is new?
What we have accomplished here are: 1) supply a quantum eld-theoretical denition
and derivation of noise; 2) relate dierent types of noise to dierent couplings of the system
and environment; and 3) derive an equation of motion {the master equation for the reduced
density matrix or the Fokker-Planck equation for the associated Wigner functional. In this
process 4) we showed from rst principles how one can derive the equations of stochastic
dynamics from interacting quantum eld theory, both in flat and curved spacetimes; and 5)
we proposed a new scheme of noise generation based on nonlinear coupling which is dierent
from the Starobinsky mechanism (which assumes a free eld with a moving partition).
Since an interacting eld (e.g., a 4 or Coleman-Weinberg potential) is what is usually
used for generating inflation anyway our mechanism is rather natural.
B. How realistic are the conditions?
The noise in our scheme arises from the system eld ( the inflaton) coupling nonlinearly
to an environment eld. What in a realistic situtation could play the role of the environ-
ment eld? One can assume as in the stochastic inflation scheme that the system eld
consists of the low frequency modes and the environment eld that of the high frequency
modes of one single inflaton eld. The model we have studied, which has two separate self-
interacting scalar elds coupled biquadratically each assuming a full spectrum of modes,
can be viewed as an approximation to this scheme. The environment eld can also be
referring to other elds present besides the inflaton eld. Only the quantum fluctuations
of such elds need be present in our scheme to generate the noise which seeds the galax-
ies. Even if one assumes nothing, there is always the gravitational eld itself which the
inflaton eld is coupled to, and the vacuum gravitational fluctuations can equally seed the
structures in our universe j32; 33. (Note that in such cases the coupling is of a derivative
form rather than the polynomial form in this example. Noise arising from a derivative
type of coupling has been studied in connection with the issue of gravitational entropy in
